The authors define a new subclass of A of functions involving complex order in the open unit disk U. For this new class, we obtain certain inclusion properties involving the Gaussian hypergeometric functions.
Introduction and Motivation
Let A be the class of functions f normalized by f z z ∞ n 2 a n z n ,
which are analytic in the open unit disk
U {z : z ∈ C, |z| < 1}.
1.2
As usual, we denote by S the subclass of A consisting of functions which are also univalent in U. A function f ∈ A is said to be starlike of order α in U 0 ≤ α < 1 , if and only if 1 − UCV ≡ UCV, 1 − ST SP, 1.8 where UCV and SP are the familiar classes of uniformly convex functions and parabolic starlike functions in U, respectively see for details, 1, 5 . In fact, by making use of a certain fractional calculus operator, Srivastava and Mishra 6 presented a systematic and unified study of the classes UCV and SP .
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A function f ∈ A is said to be in the class P τ γ A, B ⊂ A if it satisfies the inequality f z γzf z − 1 A − B τ − B f z γzf z − 1 < 1 z ∈ U; τ ∈ C \ {0}, −1 ≤ B < A ≤ 1, 0 ≤ γ < 1 .
1.9
The class P τ 0 A, B was introduced earlier by Dixit and Pal 7 . Two of the many interesting subclasses of the class P 
Secondly, if we put
we obtain the class of functions f ∈ A satisfying the inequality
which was studied by among others Padmanabhan 9 and Caplinger and Causey 10 . Finally, many of the authors have also studied the class P 1 γ A, B . For details of these works one can refer to the works of Ding Gong 11 , R. Singh and S. Singh 12 , Owa and Wu 13 , and also the references cited by them. Although, many mapping properties of the class P 1 γ A, B have been studied by these authors, they did not study any mapping properties involving the hypergeometric functions.
The Gaussian hypergeometric function F a, b; c, z , z ∈ U is given by
14 is the solution of the homogeneous hypergeometric differential equation
and has rich applications in various fields such as conformal mappings, quasiconformal theory, and continued fractions. In particular, the close-to-convexity in turn the univalency , convexity, starlikeness, for details on these technical terms we refer to 5 , and various other properties of these hypergeometric functions were examined based on the conditions on a, b, and c in 8 . For more interesting properties of hypergeometric functions, one can also refer to 20, 21 .
Let f z and g z be analytic in U and g z univalent. Then we say that f z is subordinate to g z written as f z ≺ g z if f 0 g 0 and f U ⊂ g U . For f ∈ A, we recall that the operator I a,b,c f of Hohlov 22 which maps A into itself defined by
where * denotes usual Hadamard product of power series. Therefore, for a function f defined by 1.1 , we have
Using the integral representation,
we can write
When Let 0 ≤ k < ∞, and let f ∈ A be of the form 1.1 . If f ∈ k − UCV , then the following coefficient inequalities hold true cf. 2 :
where
which is the extremal function for the class P p k related to the class k − UCV by the range of the expression
where P 1 P 1 k is given, as above, by 1.22 . Similarly, if f of the form 1.1 belong to the class k − ST , then cf. 3
where P 1 P 1 k is given, as above by 1.22 . 
Properties of
The estimate is sharp.
Proof. Since f ∈ P τ γ A, B , we have
where w z is analytic in U and satisfies the condition w 0 0 and |w z | < 1 for z ∈ U. Hence, we have
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Using f z z ∞ n 2 a n z n and w z ∞ n 1 b n z n , we have
By equating the coefficients, we observe that the coefficient a n in the right-hand side depends only on a 2 , a 3 , . . . , a n−1 on the left-hand side of the above expression. This gives
2.5
By using |w z | < 1, we get
2.6
Squaring both sides of 2.6 and integrating around |z| r, 0 < r < 1, we obtain
2.7
By letting r → 1, we conclude that
By making use of the fact that −1 ≤ B < 1, we get
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This gives
, n 2, 3, . . . .
2.11
The result is sharp for the function 
2.12

Theorem 2.2. Let f z z
∞ n 2 a n z n . Then a sufficient condition for
2.13
The result is sharp for the function
Proof. In view of 2.13 ,
which is clearly less than or equal to zero for all |z| r, 0 < r < 1. Letting r → 1, we get
Thus, f ∈ P τ γ A, B . 
From the fact that | a n | ≤ |a| n , we observe that c is real and positive, under the hypothesis
By writing n 1 γ n − 1 as, γ n − 1 n − 2 n − 1 1 2γ 1, we get
|a| n−1 |b| n−1 c n−1 1 n−1 .
3.6
Using the fact that a n a a 1 n−1 , 3
International Journal of Mathematics and Mathematical Sciences 9 it is easy to see that
3.8
From 1.14 ,
3.9
By using the Gauss summation theorem Taking into account inequality 2.1 and the relation | a n−1 | ≤ |a| n−1 , we deduce that
1 |B| A − B |τ| F |a|, |b|; c; 1 − 1 3.14 which is bounded previously by A − B |τ|, in view of inequality 3.12 .
Repeating the previous reasoning for b a, we can improve the assertion of Theorem 3.2 as follows. 
is satisfied, then zF a, a; c;
In the special case when b 1, Theorem 3.2 immediately yields the following new result. 
Theorem 3.8. Let a, b ∈ C \ {0}. Also, let c be a real number such that c > |a| |b| P 1 , where 
Proof. By means of 1.17 and 2.13 , the following inequality must be satisfied:
∞ n 2 n 1 γ n − 1 a n−1 b n−1 c n−1 1 n−1 a n ≤ A − B |τ| 1 |B| .
3.29
Applying the estimates for the coefficients given by 1.21 , and making use of the relations 3.7 and | d n | ≤ |d| n , condition 3.29 will be satisfied if 1 |B| 3 F 2 |a|, |b|, P 1 ; c, 1; 1 − 1 Proof. Proceeding as in the proof of Theorem 3.8, and applying the estimates for the coefficients given by 1.24 instead of 1.21 , and making use of relations 3.7 and | d n | ≤ |d| n , the proof of the theorem by virtue of hypothesis 3.31 is complete.
